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Abstract. Within the Nuclear Nambu–Jona-Lasinio model of light nuclei (the NNJL model), describing
strong low-energy nuclear interactions, we compute the width of the energy level of the ground state
of pionic deuterium. The theoretical value fits well the experimental data. Using the cross-sections for
the reactions νe + d → p + p + e− and νe + d → p + n + νe, computed in the NNJL model, and the
experimental values of the events of these reactions, detected by the SNO Collaboration, we compute the
boron neutrino fluxes. The theoretical values agree well with the experimental data and the theoretical
predictions within the Standard Solar Model by Bahcall. We argue the applicability of the constraints on
the astrophysical factor for the solar proton burning, imposed by helioseismology, to the width of the energy
level of the ground state of pionic deuterium. We show that the experimental data on the width satisfy
these constraints. This testifies an indirect measurement of the recommended value of the astrophysical
factor for the solar proton burning in terrestrial laboratories in terms of the width of the energy level of
the ground state of pionic deuterium.

PACS. 11.10.Ef Lagrangian and Hamiltonian approach – 13.75.Gx Pion-baryon interactions – 36.10.-k
Exotic atoms and molecules (containing mesons, muons, and other unusual particles) – 26.65.+t Solar
neutrinos

1 Introduction

The Nuclear Nambu–Jona-Lasinio model of light nu-
clei [1–4] (the NNJL model) is an attempt to describe
at the quantum field-theoretic level the deuteron as a
bound np state [5]. As has been shown in [1–4], the NNJL
model fits well the low-energy parameters of the deuteron,
such as the binding energy, the dipole magnetic and elec-
tric quadrupole moments [1], the ∆∆ component [2] and
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the asymptotic ratio D/S [4] of the wave function of the
deuteron1.

The application of the NNJL model to the description
of low-energy reactions of astrophysical interest [3] has
allowed to compute: i) the cross-section for the neutron-
proton radiative capture for thermal neutrons n+p→ d+γ
in agreement with experimental data with an accuracy
better than 3%; ii) the astrophysical factor for the so-
lar proton burning p + p → d + e+ + νe, Spp(0) =
4.08× 10−25 MeVb, agreeing well with the recommended
value SSSM

pp (0) = 4.00 × 10−25 MeVb [8], accepted in the
Standard Solar Model (SSM) by Bahcall [9,10]; iii) the

1 The asymptotic ratio D/S of the D-wave component to
the S-wave component of the wave function of the deuteron
in the ground state has been computed in the NNJL model in
agreement with the results obtained by Ericson within the po-
tential model approach [6] and the experimental value, which
has been used by Kamionkowski and Bahcall [7] for the calcu-
lation of the astrophysical factor for the solar proton burning
p+ p→ d+ e+ + νe.
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astrophysical factor for the reaction p + e− + p → d + νe
in analytical agreement with the result obtained by Bah-
call [11]; iv) the cross-sections for the reactor anti-neutrino
disintegration of the deuteron ν̄e + d → n + n + e+ and
ν̄e + d→ p+ n+ ν̄e, induced by the charged and neutral
weak current, respectively, in agreement with the experi-
mental data by the Reines Group [12].

In this paper we apply the NNJL model to the calcula-
tion of the width of the ground state of pionic deuterium.
We show that the theoretical value agrees well with the
experimental data. In the NNJL model the astrophysi-
cal factor for the solar proton burning and the width of
the ground state of pionic deuterium are defined by the
same matrix element, caused by the anomaly of the one-
nucleon loop diagram. Due to this we suggest to apply the
constraints on the astrophysical factor for the solar proton
burning, imposed by helioseismology [13], to the width of
the energy level of the ground state of pionic deuterium.
We show that the available experimental data [14–16] on
the width of the energy level of the ground state of pionic
deuterium satisfy these constraints.

Remind that, according to the SSM [9,10], the astro-
physical factor for the solar proton burning determines
the temperature in the core of the Sun. Since the solar
neutrino fluxes depend strongly on the solar core temper-
ature [17], the precise knowledge of the temperature in
the core of the Sun or, equivalently, the astrophysical fac-
tor for the solar proton burning, is very important for the
correct definition of these fluxes [9,10].

As has been shown in [13], helioseismology imposes
some constraints on the astrophysical factor Spp(0) for the
solar proton burning relative to the recommended value
SSSM
pp (0). These constraints read

0.94 ≤ Spp(0)

SSSM
pp (0)

≤ 1.18. (1.1)

Below we argue that through the NNJL model the same
constraints can be applied to the width of the energy level
of the ground state of pionic deuterium.

In order to make this assumption more credible and
to give an additional confirmation that the NNJL model
describes well strong low-energy interactions in nuclear
reactions with the deuteron, we suggest to analyse the
experimental data by the Sudbury Neutrino Observa-
tory (SNO) [18,19] on the 8B solar neutrino flux mea-
sured through the reactions νe + d → p + p + e− and
νe + d → p + n + νe, caused by the charged and neu-
tral weak current, respectively. For this aim, we use the
cross-sections for the reactions νe + d → p + p + e− and
νe + d → p + n + νe, computed within the NNJL model,
and the experimental values of the rates of the events of
these reactions, detected by the SNO Collaboration.

The paper is organized as follows. In sect. 2 we com-
pute the 8B solar neutrino fluxes using the cross-sections
for the reactions νe+d→ p+p+e− and νe+d→ p+n+νe,
computed within the NNJL model and averaged over the
8B solar neutrino flux obtained by Bahcall et al. [20], and
the experimental values of the rates of favourable events,
detected by the SNO Collaboration. We show that the

8B solar neutrino flux, computed through the reaction
νe + d → p + n + νe and caused by the neutral weak
current, fits well the experimental data by the SNO Col-
laboration and the theoretical value, predicted within the
SSM by Bahcall [10]. The obtained decrease of the 8B solar
neutrino flux, computed through the cross-section for the
reaction νe + d→ p+ p+ e− caused by the charged weak
current, relative to that computed through the reaction
νe + d → p + n + νe can be explained by neutrino oscil-
lations. This testifies that the NNJL model describes well
strong low-energy interactions in low-energy nuclear reac-
tions with the deuteron. In sect. 3 we compute the width
of the energy level of the ground state of pionic deuterium
within the NNJL model. We show that the theoretical
value fits well the experimental data. In the conclusion we
discuss the obtained results. We argue that the constraints
on the astrophysical factor for the solar proton burning,
imposed by the helioseismological data, can be applied to
the width of the energy level of the ground state of pi-
onic deuterium. We show that the experimental data on
the width of the energy level of the ground state of pionic
deuterium satisfy these constraints.

2 Theoretical analysis of SNO data on the

solar neutrino disintegration of the deuteron

Recently [18] (see also [19]), the SNO Collaboration has
published new experimental data on the 8B solar neutrino
fluxes measured through the reactions νe+d→ p+p+e−

and νe + d → p + n + νe, induced by the charged and
neutral weak current,

φSNO
CC (8B) = (1.70± 0.12)× 106 cm−2 s−1,

φSNO
NC (8B) = (4.90± 0.38)× 106 cm−2 s−1, (2.1)

where the abbreviations CC and NC mean the Charged
weak Current and the Neutral weak Current, respectively.

According to [21], the 8B solar neutrino fluxes mea-
sured through the reactions νe + d → p + p + e− and
νe + d→ p+ n+ νe are defined by

φ(8B) = 10−31 R

〈σ(Eνe
)〉8B

, (2.2)

where R is the experimentally measured rate of the
favourable events, 〈σ(Eνe

)〉8B is the theoretical cross-
section for the reaction through which the 8B solar neu-
trino flux is measured. The cross-section is averaged over
the 8B solar neutrino spectrum normalized to unity [20].

In our case the cross-sections for the reactions νe+d→
p + p + e− and νe + d → p + n + νe are computed in the
NNJL model [3] and averaged over the 8B solar neutrino
spectrum obtained by Bahcall et al. [20]. Using the the-
oretical values for the cross-sections [3], the experimental
values of the rates of favourable events, detected by the
SNO Collaboration [18,19], we get

φ(8B)CC = (2.33± 0.38)× 106 cm−2 s−1,

φ(8B)NC = (6.15± 1.01)× 106 cm−2 s−1. (2.3)
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It is seen that the cross-section for the reaction νe + d→
p+n+νe, computed within the NNJL model, fits well the
experimental data by the SNO Collaboration on the 8B so-
lar neutrino flux φSNO

NC (8B) = (4.90±0.38)×106 cm−2 s−1.

We would like to emphasize that the 8B solar neu-
trino flux φ(8B)NC = (6.15 ± 1.01) × 106 cm−2 s−1 agrees
also well with the theoretical 8B solar neutrino flux,
predicted within the SSM by Bahcall [10]: φSSM(8B) =
(5.82± 1.34)× 106 cm−2 s−1.

The cross-section for the reaction νe+ d→ p+ p+ e−,
induced by the charged weak current and computed within
the NNJL model, leads to the theoretical prediction for
the observed 8B solar neutrino flux, measured through the
reaction νe+d→ p+p+e−, agreeing with the experimental
value φSNO

CC (8B) = (1.70±0.12)×106 cm−2 s−1 within two
standard deviations but by a factor of 3 smaller compared
with the 8B solar neutrino flux, measured through the
reaction νe + d → p + n + νe, induced by the neutral
weak current.

According to the generally accepted point of view, such
a distinction can be explained by neutrino oscillations [22,
23] (see also [10]). Remind that the cross-section for the
reaction νX + d→ p+ n+ νX is practically insensitive to
the neutrino flavour X = e, µ or τ [10,23].

The obtained results testify that the NNJL model de-
scribes well strong low-energy interactions in low-energy
nuclear reactions with the deuteron.

We would like to notice that the theoretical analy-
sis of the cross-sections for the reactions of the neutrino
disintegration of the deuteron νe + d → p + p + e− and
νe+d→ p+n+ νe, induced by charged and neutral weak
currents, has a long history [24–26]. The calculation of the
cross-sections for the reactions νe + d → p + p + e− and
νe + d → p + n + νe has been carried out within other
theoretical approaches such as i) the Potential Model
Approach [24,25] and ii) the Effective Field Theory ap-
proach [26]. The Effective Field Theory approach has been
developed as a new tool for the description of low-energy
phenomena in few-nucleon systems [27].

The theoretical cross-sections for the reactions of the
neutrino disintegration of the deuteron νe+d→ p+p+e−

and νe + d → p + n + νe, computed within the NNJL
model in [3], are in reasonable agreement with the re-
sults, obtained within the Potential Model Approach [24,
25] and the Effective Field Theory approach [26]. The
cross-sections for the reactions νe + d → p + p + e− and
νe + d→ p+ n+ νe, averaged over the 8B solar neutrino
spectrum, have been computed in [25]. The averaged val-
ues of the cross-sections, computed in the NNJL model
and applied above to the analysis of the SNO data (2.1),
are in qualitative agreement with those obtained in [25].

In this connection we would like to notice that for the
calculation of the averaged values of the cross-sections for
the reactions of the neutrino disintegration of the deuteron
νe+ d→ p+ p+ e− and νe+ d→ p+n+ νe we have used
the 8B solar neutrino spectrum [20], improved relative to
those [28], which have been applied to the calculation of
the average cross-sections in [25].

3 Width of the energy level of the ground

state of pionic deuterium

According to Deser, Goldberger, Baumann and
Thirring [29,30] (see also [31–34]), the width of the
energy level of the ground state of pionic deuterium is
defined by the DGBT formula

Γ1s = 4α3m2
π Imfπ

−d
0 (0), (3.1)

where α = e2 = 1/137.036 is the fine-structure con-
stant in Gaussian units and mπ = 140MeV is the pion

mass, fπ
−d

0 (0) is the S-wave amplitude of π−d scattering
near threshold.

For the analyses of the imaginary part of the amplitude

fπ
−d

0 (0), it is sufficient to take into account the contribu-
tion of two processes, π−d → nn and π−d → nnγ, only.
This defines the width (3.1) as follows:

Γ1s = 4α3 m2
π (Imfπ

−d
0 (0)nnγ + Imfπ

−d
0 (0)nn) =

Γ
(nnγ)
1s + Γ

(nn)
1s , (3.2)

where Imfπ
−d

0 (0)nnγ and Imfπ
−d

0 (0)nn are the imagi-
nary parts of the S-wave amplitudes of π−d scattering
near threshold saturated by the intermediate nnγ and nn

states, and Γ
(nnγ)
1s and Γ

(nn)
1s are the partial widths of the

decays Aπd → nnγ and Aπd → nn, respectively.
Following [31–34] (see also [35]), the S-wave ampli-

tudes fπ
−d

0 (0)nnγ and fπ
−d

0 (0)nn can be defined by

fπ
−d

0 (0)nnγ =
1

8π

1

md +mπ

α

F 2
π

1

2

∫

d3p

(2π)22|~p |

×
∫

d3k1

(2π)32En(k1)

d3k2

(2π)32En(k2)

× (2π)3 δ(3)(~p− ~k1 − ~k2)

× 1

En(k1) + En(k2) + |~p | −mπ −md − i 0

× 1

3

∑

α2=±1/2

∑

α1=±1/2

∑

λd=0,±1

∑

λ=±1

|e∗µ(p, λ)

×〈n(~k1, α1)n(~k2, α2)|J1−i2
5µ (0)|d(~0, λd)〉|2 (3.3)

and

fπ
−d

0 (0)nn =
1

128π

1

md +mπ

×
∫

d3k

(2π)3E2
n(k)

1

En(k)−mN −mπ/2− i 0

× 1

3

∑

α2=±1/2

∑

α1=±1/2

∑

λd=0,±1

|M(π−(~0 )d(~0, λd) −→

n(~k, α1)n(−~k, α2))|2. (3.4)

In formula (3.2) the matrix element of the transition
π−d→ nnγ is given in the soft-pion limit [33,35–40]. Ac-
cording to the Pauli principle [41], the nn pair in the re-
action π−d→ nn, where π−d pair is in the S-wave state,
can be only in the 3P1 state.
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Computing the matrix element of the axial-vector cur-
rent and the amplitude of the reaction π−d → nn in
the NNJL model, for the partial widths of the decays
Aπd → nnγ and Aπd → nn we obtain

Γ
(nnγ)
1s = m2

πm
2
N g2

V C
2
NN

3α4

64π7

g2
A

F 2
π

×
∫ ∞

0

dk k2F 2
d (k

2)

(1− 1
2 rnnannk

2)2 + a2
nnk

2
. (3.5)

and

Γ
(nn)
1s = α3 C2

NN

m4
π

F 2
π

3g2
Ag

2
V

256π7

×k3
0 F

2
d (k

2
0) |f

(nn;3P1)
π−d (k0)|2, (3.6)

where gA = 1.267 is the axial-vector coupling constant,
Fπ = 92.4MeV is the leptonic constant of charged pions,
gV = 11.3 and CNN = 3.27×10−3 MeV−2 are the coupling
constants of the NNJL model, Fd(k

2) = 1/(1 + r2dk
2) is

the form factor of the deuteron, proportional to the wave
function of the ground state of the deuteron in the mo-
mentum representation, rd = 4.32 fm = 3.07m−1

π is the
deuteron radius [42], ann and rnn are the S-wave scatter-
ing length of the nn scattering in the 1S0 state. For numer-
ical calculation we use ann = −23.75 fm = −16.85m−1

π

and rnn = 2.75 fm = 1.95m−1
π [3]. Then, the relative

momentum k0 of the nn pair at threshold of the reac-
tion π−d → nn in the center-of-mass frame is equal to

k0 =
√
mπmN = 362MeV. The amplitude f

(nn;3P1)
π−d (k0)

describes the final-state interaction of the nn pair in the
3P1 state near threshold of the reaction π−d → nn. Fol-

lowing [34], we compute |f (nn;3P1)
π−d (k0)| = 0.7.

In formula (3.5) the integral over k amounts to
0.016/r3d. The theoretical values of the partial widths of
the decays Aπd → nnγ and Aπd → nn read

Γ
(nnγ)
1s = (0.30± 0.04) eV,

Γ
(nn)
1s = (0.85± 0.11) eV. (3.7)

According to (3.2), for the total width of the energy level
of the ground state of pionic deuterium we get

Γ1s = (1.15± 0.12) eV. (3.8)

Our theoretical value of the width Γ1s = (1.15± 0.12) eV
agrees well with the experimental data

Γ exp
1s =

{

(1.02± 0.21) eV [14, 15],

(1.19± 0.11) eV [16].
(3.9)

The partial widths Γ
(nnγ)
1s and Γ

(nn)
1s can be also related

by the parameter D:

D =
σ(π−d→ nn)

σ(π−d→ nnγ)
=

Γ
(nn)
1s

Γ
(nnγ)
1s

= 2.83± 0.04, (3.10)

measured experimentally at threshold of the reactions
π−d→ nn and π−d→ nnγ [43]. Using the theoretical val-
ues of the partial widths (3.7) we compute the parameter
D: D = 2.83 ± 0.50. It agrees well with the experimental
data (3.10).

4 Conclusion

We have applied the NNJL model to the calculation of the
width of the energy level of the ground state of pionic deu-
terium. Without introduction of new input parameters, we
have computed the value of the width of the energy level of
the ground state of pionic deuterium Γ1s = (1.15±0.12) eV
in complete agreement with the experimental data (3.9).

Remind that the NNJL model has been invented for
the quantum field-theoretic description of the deuteron as
a bound np state and low-energy nuclear reactions with
the deuteron of the astrophysical interest such as the solar
proton burning and so on. However, as has turned out
the NNJL model can be also applied to the calculation
of the width of the energy level of the ground state of
pionic deuterium, since the amplitudes of the solar proton
burning p + p → d + e+ + νe, the pep reaction p + e− +
p → d + νe, the neutrino disintegration of the deuteron
νe + d → p + p + e− and νe + d → p + n + νe and the
reactions π− + d → n + n + γ and π− + d → n + n near
threshold of the π−d pair are defined by the anomaly of
the same one-nucleon loop diagram [3].

Since in the SSM the astrophysical factor of the solar
proton burning is related to the temperature of the so-
lar core, the helioseismological data become sensitive to
the value of the astrophysical factor for the solar proton
burning. The constraints on the value of the astrophysi-
cal factor for the solar proton burning, coming from the
helioseismological data on the values of sound speed and
density inside the Sun, have been found by Degl’Innocenti,
Fiorentini and Ricci [13].

Since the NNJL model fits well the recommended value
of the astrophysical factor for the solar proton burning and
the experimental data on the width of the energy level of
the ground state of pionic deuterium, one can imagine
that the constraints on the astrophysical factor for the
solar proton burning, imposed by helioseismology (1.1),
can be also valid for the width of the energy level of the
ground state of pionic deuterium. This yields

(1.08± 0.11) eV ≤ Γ1s ≤ (1.36± 0.14) eV. (4.1)

It is seen that the experimental data (3.9) satisfy well the
constraints (4.1).

Moreover, since the astrophysical factor for the so-
lar proton burning, Spp(0) = 4.08 × 10−25 MeVb, com-
puted within the NNJL model, fits the recommended value
SSSM
pp (0) = 4.00 × 10−25 MeVb with an accuracy about

2%, our prediction for the width of the energy level of the
ground state of pionic deuterium, agreeing with the exper-
imental data with an accuracy about 3%, can be valued
as an indirect measurement of the recommended value of
the astrophysical factor SSSM

pp (0) = 4.00× 10−25 MeVb in
terrestrial laboratories in terms of the width of the energy
level of the ground state of pionic deuterium.

For the confirmation of the applicability of the NNJL
model to the description of strong low-energy interac-
tions with the deuteron and the results obtained above,
we have analysed the experimental data on the 8B solar
neutrino flux measured by the SNO Collaborations. Using
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the cross-sections for the reactions νe + d → p + p + e−

and νe + d → p + n + νe, computed within the NNJL
model and averaged over the 8B solar neutrino spectrum
by Bahcall et al. [20], and the experimental values of the
rates of the events of the reactions νe+d→ p+p+e− and
νe + d→ p+ n+ νe, detected by the SNO Collaboration,
we have computed the 8B solar neutrino fluxes.

The computed value φ(8B)NC = (6.15 ± 1.01) ×
106 cm−2 s−1 of the 8B solar neutrino flux, measured
through the reaction νe + d → p + n + νe, agrees well
with the experimental data and the theoretical value of
the 8B solar neutrino flux φSSM(8B) = (5.82 ± 1.34) ×
106 cm−2 s−1, predicted within the SSM by Bahcall [10].

In turn, the computed value φ(8B)CC = (2.33 ±
0.38) × 106 cm−2 s−1 of the 8B solar neutrino flux, mea-
sured through the reaction νe + d → p + p + e−, agrees
with the experimental data within two standard devia-
tions but differs by a factor of 3 from the 8B neutrino flux
φ(8B)NC = (6.15± 1.01)× 106 cm−2 s−1. However, nowa-
days there is a consensus [10,23] that such a distinction
can be explained by solar neutrino oscillations.

Such an agreement of the computed 8B solar neutrino
fluxes with the experimental data by the SNO Collab-
oration and the theoretical predictions of the SSM by
Bahcall [10] testify that the NNJL model describes well
strong low-energy interactions in low-energy nuclear reac-
tions with the deuteron.

This makes also credible our assumption concerning
the applicability of the constraints on the solar proton
burning, coming from helioseismology, to the width of the
ground state of pionic deuterium and vice versa.

We are grateful to Torleif Ericson, Heinz Oberhummer and
Walter Grimus for fruitful discussions and John Bahcall for
encouraging remarks. Natalia Troitskaya thanks the Atom In-
stitute of the Austrian Universities at Vienna University of
Technology for the kind hospitality extended to her during the
period of the work presented in this paper.
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Physik, Flavour Physics, Schladming, Styria, Austria, 22-
28 February 2003, hep-ph/0307149; V. Barger, D. Marfa-
tia, K. Whisnant, Int. J. Mod. Phys. E 12, 569 (2003), hep-
ph/0308123; A.Yu. Smirnov, invited talk given at the 21st
International Symposium on Lepton and Photon Interac-
tions at High Energies (LP 03), Batavia, Illinois, USA,
11-16 August 2003, Int. J. Mod. Phys. A 19, 1180 (2004),
hep-ph/0311259; K. Fujii, T. Shimomura, hep-ph/0212076;
hep-ph/0402274; hep-ph/0406079.

24. S. Nakamura, T. Sato, S. Ando, T.-S. Park, F. Myhrer, V.
Gudkov, K. Kudobera, Nucl. Phys. A 707, 561 (2002); S.
Nakamura, T. Sato, V. Gudkov, K. Kudobera, Phys. Rev.
C 63, 034617 (2001); J. Carlson, R. Schiavilla, Rev. Mod.
Phys. 70, 743 (1998).

25. S. Ying, W.C. Haxton, E.M. Henley, Phys. Rev. C 45,
1982 (1992); M. Doi, K. Kudobera, Phys. Rev. C 45, 1988
(1992); N. Tatara, Y. Kohyama, K. Kudobera, Phys. Rev.



6 The European Physical Journal A

C 42, 1694 (1990); S. Ying, W.C. Haxton, E.M. Henley,
Phys. Rev. D 40, 3211 (1989); J.N. Bahcall, K. Kudobera,
S. Nozawa, Phys. Rev. D 38, 1030 (1988); F.T. Avignone
III, Phys. Rev. D 24, 778 (1981); W. Müller, M. Gari,
Phys. Lett. B 102, 389 (1981); T. Ahrens, L. Gallaher,
Phys. Rev. D 20, 2714 (1979); H.C. Lee, Nucl. Phys. A
294, 473 (1978); A. Aliand, C.A. Dominguez, Phys. Rev.
D 12, 3673 (1975); S.D. Ellis, J.N. Bahcall, Nucl. Phys. A
114, 636 (1968).

26. S. Ando, Y.H. Song, T.-S. Park, H.W. Fearing, K. Ku-
dobera, Phys. Lett. B 555, 49 (2003); M. Butler, J.-W.
Chen, X. Kong, Phys. Rev. C 63, 035501 (2001); M. But-
ler, J.-W. Chen, Nucl. Phys. A 675, 575 (2000).

27. S. Weinberg, Phys. Lett. B 251, 288 (1990); Nucl. Phys.
B 363, 3 (1991); Phys. Lett. B 295, 114 (1992); U. van
Kolck, Prog. Part. Nucl. 43, 37 (1999); E. Epelbaum, W.
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